HSN24400 
Course Revision Notes 
produced specially for the HSN.u 


k.net website, and we require that any copies oF derivative 


This document was 


works attribute the work to us. 
[by-nc-sal2.0/ 


n these notes, please see hetp:// creativecommons.org/ licenses 


For more details about the copyright 0 





Higher Mathematics 


Contents 


Unit 1- Mathematics 1 


Straight Lines 
Functions and Graphs 
Differentiation 
Sequences 


Unit 2 — Mathematics 2 


Polynomials and Quadratics 
Integration 

Trigonometry 

Circles 


Unit 3 — Mathematics 3 


Vectors 
Further Calculus 


Exponentials and Logarithms 
The Wave Function 





















f 





PAigher Mathematics 
Course Revision Notes 


Straight Li 
Distance Formula gnt Lines 





e Distance = Oa x 
d i 


Gradients 


2 3 - 
+( yy — 2 
) (y», y,) between points (x,,y,) and (x35) 


°- m= 





V2, 
ze between t i 
xX — X; een the eo (5%) and (%35J2) where x, # Xz 


¢ Positive ¢ H 5 ; f ; 
gtadients, negative gradients, zero gradients, undefined gradients 


= 93 
ote A mi age: oe 


e Lines with the same gradient are parallel 
eg The line parallel to 2y+3x=5 
has gradient m= <o since 2y + 3x=5 
2y=—3x + 2: 
x+3 (must be in the form y=mx +c) 





aur 53) 

Ye BE 

e Perpendicular lines have gradients such that 7% perp, ~ il 
eg if a= then 7... =-3 


° m=tand 


if 








6 is the angle that the line makes with 


positive direction the positive direction of the x-axis 


0 


Equation of a Straight Line 


with gradient m has equation: 


e The line passing through (a,b) 
y—b= m(x—4) 






Medians 
+x, tN 
R e M is the midpoint of AC, ie M=( ti Javaro% “22 \ 
¢ BM is not usually perpendicular to AC, so m, Xm, =—\ 
- M C cannot be used 


e To work out the gradient of BM, use the oradient formula 
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Altitudes 


i & 
ually the midpoint of A 


« D is not us xm, =—1 can be used 4, 


so ™m, 
BD is perpendicular to AC, : 


i BD 
G work out the gradient of 





D 
Perpendicular Bisectors 


. .- C 
° CD passes through midpoint of A 
B 


=—] can be used to 


K m1. 
e CD is perpendicular to AB, so ™, 9 
B find the gradient of CD i ees 
e Perpendicular bisectors do not necessa ae a 
within a triangle — they can occur with stra 


pear 


Functions and Graphs 
Composite Functions 
Example 


If f(x) =x? —2 and g(x)=4t, find a formula for 
(a) A(x) = f (g(x)) 
(b) A(x) = g(f(x)) 


and state a suitable domain for each. 


(a) A(x) = f(g(x)) (b) £(x)=¢(f(x)) 


BACT 2) 
] 

x 2 
ea 2 Domain: {x:xe R, x #+V2} 
Domain: {x:x%e R, x¥ 0} 
¢ You will probably on 

even root. Remembe 


number being square 


eg f(x)=VxF1 


ly be asked for a domain if the function invol 


r that in a fraction the denominator cann 
rooted cannot be negative 


ved a fraction or an 


ot be zero and any 


could have domain: {x:xeER, x> —]} 
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Graphs of Inverses 


al To draw 
= the gra 5I “ 
. zraph of ¢ ; 5 
line y =x I an inverse function, reflect the graph of the function in the 






Exponential and Logarithmic Functions 
Logarithmic 


Exponential 
z yaa naa y =loga* 








(a,\) 


(i, 2) 





Functions 





Trigonometric 





Period =360° Period =180° 


Period = 360° 
Amplitude = 1 Amplitude =1 Amplitude is undefined 


Graph Transformations 
e shows the effect of transfor 


y=g(%) 


mations on the two graphs shown below. 


The next pag 






Jp (2,2) 
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Highe: Mathematics ra ) Effect on sins? is. 
“7 Effect on 
Effect 


J = Sin x? +4 


Function 
f(x) +4] Shifts the graph 

| aup the 

| y-axis 

|: 

} 

| 

| 











Ft a) | Shifts the graph 
—a along the 


x-axis 


je 








Reflects the 
graph in the 


x-aXxIS 





Reflects the 
graph in the 
y-axis 


adidas | 








| hf (x) | Scale the graph 
vertically 
| Stretches if 
| k>] 
| Compresses if 
k<l 











Scales the graph 


horizontally 


Compresses if 


k>1 
Stretches if 
k<l te 





360° 
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Differentiati 
; nti 
Differentiating i 









elf f (x)= ax” then F(x) = anx?™! 


« Before itt d there shou d be ne 
you differenti t, an 
Pea entiate, a rac ou 
Bent wee Y ll brackets should be multiplied j - \ : 
x term in the denominator (bottom line), for pl : 
r Sw , for example: 


gee yal 2 23x? 
x 







Ri: 


=x 





al 





Equations of Tangents 





gent, you need a point 






e Tangents < ; 
sa 5 - 1s 
i re straight lines, therefore to find the equation of a tan 


on the li - ‘ 
e line and its gradient to substitute into y — b=m(x-—4) 
ch the tangent touches 









e You will always be given one coordinate of the point whi 






e Find the other coordinate by solving the equation of the curve 





coordinate of the point 






e Find the gradient by differentiating then substituting in the x- 





Example 





NES at the point where x =9- 
y—b=m(x—4) 





| Find the equation of the tangent to the graph of y= 











yanx* yan? Atx=9, m=3x9 
=/92) us sae h) pie Tieeee | 
— 33 dy_33 =3x3 2y—-54=9x—81 
=27 Pe Lg 2y=9x—-27 
me 
(9, 27) 
1 
e Yo 






e Stationary points occur at points wher 





¢ You must justify the nature of turning points or points of inflection 
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Higher Mathematics 
Graphs of Derived Functions ae 


Subic 
Quadratic = 


Linear Quadratic 


Optimisation 


° These types of questions are usually practical problems which involve maximum OF 


minimum areas OL volumes 


e Remember you must show that a maximum Or minimum exists 


Sequences 


Linear Recurrence Relations 


~ A linear recurrence relation is in the form “4, =4u, +9. Also be aware that this may be 


written as u, =au, , +b 


oi: b 
elf -1<a<1 thena limit /= exists. You must state this whenever you use the limit 
—a 


formula 
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Polynomials and Quadratics 


Polynomials 
e The degree of a ial j 
£ polynomial is the value of the highest power, eg 3x‘ +3 has degree 4 


e Synthetic divisi 
é ivision “sted F 
(nested form) can be used to factorise polynomials 


Example 


4 3 
[rina See th 
x+2 2 
Remember to put in 0 
if there is no term 





4 -—I15 


4x° —7x’? +11 

pero a Lee 4 yA et xr 30 remainder — 49 
x+2 

ie Bee ie (x + 2)(4e° 1944 30) 2? 

emainder is zero 


e If the divisor is a factor then the r 
ivisor is a factor 


If the remainder is zero then the d 


Completing the Square 
t of one. If it does not, you must take out a common 


° The x’ term must have a coefficien 
factor from the x? and x term, but not the constant 


¢ In the form y = a(x+ p) +q the turning point of the graph is (=p, q) 


Example 
i Write 3x? -12x+7 in the form a(x+ p) +4: 
3x” —12x+7 
=3(x’ -4x)+7 
=3(x? —4x+(-2) —(-2)’) +7 
=3((x-2)’-4)+7 
= 3(x—2)'-12+7 


=3(x-2)'-5 
Note that in this example, the graph is U-shaped since the x’ coefficient is positive; and 


the turning point is (2, —5). 
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The Discriminant 
part of the quadratic formul 
uadratic ae + OR TE: 

2 roots 


4 and can be used to indicate how many 








is 


« The disc riminant 
has. For the q 








a quadratic 






roots 
al (distinct) 






d unequ 






roots are real an 






if 6 —4ac7 0, the 










{ root 
roots) 
If 6? —4ac =9, the roots are real and equal (ie repeated 
! no roots 
If 6? —4ac <9, the roots are not real; they do not exist 
ions between 4 


ber of intersect 
al to Zero, 






alculate the nu™ 
before 


first equate them 






t can also be used to € 
To use it, you must 


and set equ 






e The discriminan 
line and a curve. 
ng the discriminant 
2 3 & 
b? —4ac =0, the line is a tangent 













usi 






e Remember if 





Integration 





Integrating 





n+l 


age 





i 
le n+l 





plied out, and there must be no 






n, all brackets must be multi 


e As with differentiatio 
the denominator 


fractions with an x term in 









Examples 











{1 Find |——.- 
p 





14+5x° dx 


So}Lo 
——, 






one 
8 
= +2x° +6 
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"The Area under a Curve 





ef F(x) i as 
(x) is the integral of fx), ck : 
: , then if f(x) dx = F(b)— F(a) 





yer te) 







1 
re b ¥ 
axis must be calculated separately and any negative 


is under the axis. 






o Remon be 
oe that areas split by the x- 
signs I ad: j 
igns ignored; these just show that the area 









The Area between two Curves 
b 
¢ The area between the graphs of y =r fix) and y= g(x) is defined as \¥ f() — g(x) dx 





4 
y= 8%) 
If the limits are not given, f (x) and g(x) 
<> should be equated to find a and b 
Cees : 
Z y= hf) 
Trigonometry 
Background Knowledge 
You should know how to use all of the information below: 
«SOH CAH TOA 
sin x 
e tanx= 
cos x 


Ses 74 
e sin’ x + Cos x=1 
a b c 


thesmaruic: —* 
sinA sinB sinC 








‘ 2 b or c = a 
¢ The cosine rule: g=bte - AhccosA of cos A =e 
Qbe 
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Az fabsin Gs 





« The area of a triangle, 





* CAST diagrams 






« Exact values: 






Radians 
convert between radians and degrees: 


__ +180 X 2 _» Radians 
“x 180 = 2 _, Degrees 





e You should know how to 





Degrees 






360° = 2a 90° = 





x 71m 
2 4 
180°=% 60° =4 30° =£ Radians 





Trigonometric Eq uations 





e Look at the restrictions on the domain, eg 0S x° < 360, or 0S xX<7 
+ Be aware of whether the answer is required in degrees or radians 


« Remember a CAST diagram whenever you are asked to “solve” 


Examples 


: | 1. Solve 3sin’ x° =1 where 0<x° < 360. 


oie 
3sin’ x° =1 


3(sinx°) =1 


(sinx°) => 
sinx° =+ x 7 AY 
x= sin’ (+ i) VT ay 
ae? = 353° x° =180 —35.3 x° =180+35.3 x° = 360—35.3 
= 144.7° =215.3° = 324.7° 


Seton cet =(35.99-144:7°215.3°, 324.7°} 
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Solve 2sitt2x ~ | = 
. Ss ix-1le0, OS x < 2x Course Revision Notes 


238in 2x +120 










2sin 2x =] 


sin2x = 








T 





G 






x? =15° 2x21 80° 302 
ee 2x° = 150° 






; x° = 75° 

2x° — : ° bd 

» 360° + 30 2x° = 360° +180° = 30" 
2x° = 390° 2x° = 510° 








; fee Doe lg te 
Solutions set =65 [rm 2” zt} 


Compound Angle Formulae 
e cos(A+B)= cos Acos B + sin Asin B 
AtB)= sin Acos B= cos Asin B 


formula sheet 


e sin( 


° These are given on the 


Double Angle Formulae 
+ sin2A=2sin AcosA 
Pos A=cos An sin’ A 
=|—2sin’ A 
=2cos A-1 


These are given on the formula sheet 


r § 
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Higher Mathematics 
Circles 





2 


" trcl 
Equations of Circles yebyenr 


2 
(a, b) and radius © h (x 


. = 1 n 

as the equatio 

e A circle with centre ig ee 
e equation gx ots = 


ntre (0, 9) then th 
ger2pre 


9 2 
; in the for : 44+2 
e The equation can also be given in the form x + y 
. i eee Pics w 
is (-g-S ) and the radius r= Jg + fr-e 
e to remember any of these equations, sin 


ay if a circ as ce 
e Note that ifa circle h _¢ where the centre 


ce they are all given in the 


e You do not hav 


exam 
2 
2 

ll have to remember the distance formula, d = (¥, a x,) si (y> yn) ? 


« You wi 
frequently used in circle que 


is not given, and is stions 


Intersection of a Line and a Circle 


me CS 


one intersection (tangency) no intersections 


two intersections 
the centre of a circle will meet at right angles, 


+» Remember, a tangent and a line from 
which means that 7, Xm, =—1 can be used 


Vectors 


Basic Facts 
¢ A vector is a quantity with both magnitude (size) and direction 


*A vector is named either by using a directed line segment (eg AB) or a bold letter 
(eg u written u) 

a , 

A vector may also be defined in terms of i, j and &, the unit vectors in three 


perpendicular directions: 


° . a a . 
The magnitude of vector AB= , | is defined as [ABI =Ja +h’ 
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a,+b, 





| ek ‘a, 
a, 


"5 ss b, 





| where kisascalar « Zero vector: \ 


Course Revision Notes 


ga th, 
0 


; 


e OA is called the positi 
: OS! . " * 
position vector of the point A relative to the origin, written 2 


e AB=6—a where a: 
ssa ere a and b are the position vectors of A and B 


® If AB = RBC where kis a scalar, then AB is parallel t 
AB and &BC, then A, B and C are collinear 


Dividing Vectors in a Ratio 


sth : eon 
e point P can also be worked out from first prin 


e Using the section formula. If P divides AB in ther 


Pb towh 


P= 


Example 


P is the point (—2, 4, — 1) and R is the point ( 


2:3. Work out the coordinates of point T. 
ee 
P R 

av 


From first principles 


Using the section formula 








The ratio is 2:3, so let m=2 and n= 3 
n m 
r— pe. is 
mtn— mtn 


\| 


\| 
WW) Woo 
Is 
4- 
Wnlho 
Is 


Therefore T is the point (2, 2,7). 


COhsniiknet 








m+n 


Therefore T is the point (2, 2,7). 
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ciples, or 
atio M:N; then: 


o BG. Since B is common to both 


ere p is the position vector OP 


g 1,19). Pome T divides PR in th 


3(¢- p)=2(r-2) 

3t—3p=2r—2t 

3¢+2t=2r+3p 
16 


—6 


5t =| —2 \+| 12 


= 


€ ratio 
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Higher Marhenatics 


The Scalar Product 
gle 






is the gmallest ae 


gle, cg 






T “re O 
» The scalar product ab= |a||b|cos Q, where 
from the ap 





way 





1 vectors must point a 


ya 
yy a a b 
Ease 






+ Remember that bot! 








a b, 

elf a= i and 6=| 4, then 2.6 = a, + a,b, + a,b; 
a, b, 

e cos0 = a4 or cosO = a,b, + 4,6, + a,b, 
lalla lallé| 







then 2a.o=0 






e Ifaand bare perpendicular 
perpendicular 






» If 2.b = Othen a and & are 






Example 


tween the vectors 7+ V and “u—Uv.- 





8 4 
If z=| 0 and v=| 0}, calculate the angle be 
4 





Baie 

V169./25 

6 =cos” Grae 

169/25 


=14.3° 
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a Further Calculus 
" Trigonometry 
Differentiation 


e 1 his is straightfo v si } f muta sheet 
ALR rw ce ce ‘ rry e ar nm the for 
ard, i th fo t ula are given oO 1 L | - 


F\*) f) 


sin ax aCOS aX 





COs ax —asin ax 









Integration 
* Again, the formulae are provided in the paper: 


f(x) oe: 








: 1 
sin ax Ee 








Examples 
| 1. Differentiate a 4. COS IX with respect to x. 


d(x? +cos3x) =3x° —3sin3x 


| | 2. Find far +sin3x ad. 


4 
x 
4 —lcos3x+e 


[42° +sin3x dx = 3 


eee —Fcos3x + ¢ 


Chain Rule Differentiation 
n—-\ 


. If f(x) =(ax+6)" then f'(x)=n(axtb)" a= an(ax+b) 
or 


° If f (x) =(p(x))” then f'(x)=n( p(x) x p (x) 


° “The power multiplies to the front, the bracket stays the same, the powet lowers by one 


and everything is multiplied by the differential of the bracket’ 


poy a issn 
Vy} i 5] b.uik, net Page 15 
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Examples 


| 1. Given f(¥ 


fi=x 
fxyande de 


)= Jy Je —sin3x, find f (*): 
ee 
x 


i xt = sin 3x 
+. 3cos3x 


: i a —3cos3x 


x 2NX 


2. Given f (x) = (3° + 2x + 1} find f (*): 


ka 


f(x) =3(3x7 + 2x + 1)’ x(6x +2) 
2 
= 3(6x+2)(3x° +2x+ 1) 


| 3. Differentiate y= cos? x =(cosx)” with respect to x. 
a 2(cosx)X(—sin x) 
ax 


=—2cosxsinx 
n 
Integration of (ax + 6) 


n+l 
(ax +b) ne 


@ [(eto)’ dx = (n4+1)Xa 


Example 


| Find [Gx+5)° dx. 
5 5 
aoe Oxthy | 
5x3 15 


¢ It is possible for any type of ‘further calculus’ to be examined in the style of a standard 


[(x+5)° d= 


calculus question (eg optimisation, area under a curve, etc) 


Exponentials and Logarithms 


e An exponential is a function in the form f (x) =a* 
¢ Logarithms and exponentials are inverses 


sya = log, y =x 


e On a calculator, is log, and is log, 


i 
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‘of Logarithms 






ne ** log, = log, xy (Squash) 


Be tog, X — log, ¥ = log, + (Split) 





‘ ; 108. Wid ” log, X (Fly) 






Examples 


/ 1. Evaluate log, 4+ log, 6— log, 3 





log, 4+ log, 6— log ; 











=< (since 2° = 8) 


0.7 x 





2. Below is a diagram of part of the graph of y= ke 


y y= beds 














(a) Find the value of & 
(b) The line with equation x 


Gy Ar (0. 3)eynkete 


—1 intersects at R. Find the coordinates of R. 







3S he® 
|e 





(b) x=1> y= y Aolas 
= 6.04 





So R is the point (1, 6.04). 
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The Wave Function 





o<a?< 3600. 






Example 
g= ay? where 






| 1. Express V6 sinx® = /2 cosx° in the form kcos( 


: . o.} o 
a)? = kcos x° cos ge +ksinx sind 









koos(x— 
= deosa’ cos’ + ksina’ sin x” 

‘ : ney eT I et ksina 

kcosa Pe f°) k= \(-v2) +J6 tana ag rey 
pvina®=6 =J2+6 6 
vv SA vo 2/5 e M55 
ale ase ee 

7° = 180° — tan (J) 
=1380° — 60° 
=120° 





Bile: 





Therefore J6 sinx°— J/2 cosx° = 2/2 cos( 


ksin(x+a) where 0 Seal: 





—sinx in the form 






| 2. Express cosx 
ksin(x+a) =ksinxcosa + kcosxsina 






— kcosasinx + ksina@ cos x 


V7 =—] pu mee 2 1 
cosa pe ee tl ie bane 
k cosa 
















Asina=1 45) 
=-] 
VY SIA Y 
care a° =180°—tan (1) 
=180°—45° 
= 135° 
135 
G80 
ao 





Therefore cosx —sinx = 2 sin(x+4 i 
e The maxi i 
— value of an expression in the form kcos(xa) occurs when 
cos(x+a)=1;and sin(x+a)=1 for ksin(x +a) 
e The minimu ion | 
m value of an expression in the form kcos(x+a) occurs when 


cos(x+a)=—1; and sin(xta)=-1 for ksin(x +a) 
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